ON /-SIMPLICIAL CONVEXITY IN VECTOR SPACES

TUDOR ZAMFIRESCU
The paper is concerned with a generalized type of convexity, which is called /-simplicial convexity. The name is derived from the simplex with I vertices, an Z-simplicial convex set being the union of all (ΐ -l)-simplexes with vertices in another set, i varying between 1 and I. The basic space is a linear one.
For convex sets the Z-order (which is a natural number associated to an ί-simplicial convex set) is a decreasing function of I. Several inequalities between I-and ά-orders are established. In doing this the case of a convex set and that of a non convex set are distinguished.
Besides these inequalities, the main result of the paper is the proof of non monotonicity of the border, given by an example in a 34-dimensional linear space.
Let us consider a real vector space and recall some notations and definitions, given in [2] .
The convex cover (hull) of a set M is gf(M The l-order (l-simplίcial convexity order) of an i-simplicial convex set K is ω t (K) = supmin {k: Sf\(M) = K} .
M
1 By increasing and decreasing functions we mean here not necessarily strictly increasing and strictly decreasing ones.
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A set K is said to be simplicial convex if there exists a number I such that K is ϊ-simplicial convex.
The degree of a simplicial convex set K is
The order {simplicial convexity order) of a simplicial convex set K is = sup ω ι (K) .
I
The power of a simplicial convex set K of finite order is
It is proved in § 1 of both [1] (M) in an π-dimensional vector space.
2* Relations between Z-simplicial and Zosimplicial convexity orders* In this section some inequalities concerning ί-order and korder of a same set will be established. [log, (ZV-
Proof. Consider a set M such that The inverse inclusion holds owing to the convexity of K, whence
The symmetry in I and k gives ω^K) ^ [log, (£«*<*> -1)] + 1 ^ log, (£«*<*> -1) + 1 ,
i.e.
It follows that
[log, (W^-
and both inequalities are obtained.
In [2], we have established that in general, λ -simplicial convexity does not imply ϊ-simplicial convexity for I < k. However, if k is a power of I this implication holds. 
Therefore
These inequalities and those of Theorem 2 show that, for arbitrary sets, A -simplicial convexity implies Z-simplicial convexity (for k = l q ) and 
It follows that
and But, from Theorem 1,
The contradiction shows that ω z (if) is decreasing of I, for convex K. Since iΓ is 2-simplicial convex,
4* Non monotonicity of o) ι% It may be conjectured that ω t is in general a decreasing function of i, i.e. ω z (C) is also decreasing for non convex C. Then the inequality of Theorem 11 would be trivially implied by Theorem 6, both of [2], and Ω and δ would equal respectively ω s and A.
On the other hand one can believe that Theorem 2 can be obtained from two more general inequalities, for non convex sets, like
in the same way as, for convex sets,
is implied by Theorem 1. It should be noted that each inequality of (*) would imply that ω ι is decreasing. If, on the contrary i < j and ω { < ω 3Ί then The conjecture that o) ι is, in general, a decreasing function of I (and with it also relation (*)) is disproved by the following counterexample.
PROPOSITION. Let 7 be a 34-dimensional real vector space and C be the union of the subsimplexes with 18 vertices of a simplex with 35 vertices in 5^Γ Then C is both 2-simplicial convex and 3-simplicial convex, ω 2 (C) = 1 and ω 3 (C) = 2. Also Ω(C) = 2 and Δ{C) = 3.
Note. This proposition and its proof, are the simplest that we could find to provide our counter-example. We ask for simpler ones. In fact, we have found such a simpler example in a vector space of smaller dimension, but the proof was much more complicated. However it should be interesting to find the smallest dimension of the space in which such an example can be found, even if its proof is difficult. 
Proof. Let S)(
i = 1, ,(f)
Concluding remarks. Most of the results of [2]
and of the present paper are purely algebraic and hence valid in vector spaces over arbitrary ordered fields.
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